Abstract: High-field magnetic resonance imaging (MRI) scans have safety problems because energy is not homogeneously distributed in the human body. A prescan where energy and temperature distributions are calculated for input energy budgeting can significantly lower the risk. Therefore, fast and accurate calculations of the electromagnetic (EM) fields of an MRI system with a subject under scan are needed. Here, the authors present a fast EM solver based on a weak-form volume integral equation (VIE) for solving this problem. The proposed approach calculates the EM field inside the human body at a high speed without sacrificing accuracy. In the proposed approach, the VIE formulation for an inhomogeneous dielectric object is employed for near-field calculations. The operation on a dense matrix resulted by the VIE is accelerated by fast Fourier transform (FFT) in conjunction with the latest efficient iterative method. Numerical experiments are presented to show the speed and accuracy of the proposed EM solver.
Introduction
Over the past few decades, magnetic resonance imaging (MRI) has become a popular medical imaging modality and is widely used for various medical diagnoses. High-image resolution is always pursued by researchers working on the MRI. One of the approaches is to use strong main magnetic fields, B 0 . Recently, the main magnetic field has been increased to 10.5 T for human scanners [1] . For the high-field MRI, the Larmor frequency is high and the corresponding wavelength is small. Standing wave patterns are formed in the human body. There are peaks and nulls in the energy/ field distribution inside an object/subject under scan, which causes safety issues and lowers imaging quality, respectively. For the MRI safety, a quick and accurate estimation of temperature and specific absorption rate distributions before a scan for input power budgeting to the system is crucial. To enable such a prescan safety assessment, fast and accurate calculations of electromagnetic (EM) fields of an MRI system are needed. Calculating EM fields of an MRI system (including the subject under scan) is an EM scattering problem when the object is highly inhomogeneous.
For the aforementioned EM calculation, there are various numerical methods available in the literature. These methods fall into two categories: the partial differential equation (PDE) method and the integral equation (IE) method. In the PDE method, the EM fields in the domain of interest are discretised directly. As a result, the calculations of both inhomogeneous and homogeneous objects do not require additional numerical treatments. Due to this great generality, the PDE method, especially the finite-difference timedomain (FDTD) method is the most popular in the MRI research community. However, this method needs a careful boundary treatment, which increases the implementation complexity. Moreover, when the inhomogeneity of an object becomes severe, the condition number of the resultant matrix of the PDE deteriorates. For the aforementioned reasons, it takes a long time (many hours) for a traditional FDTD method or a finite-element method to achieve a stable solution.
For the IE method, no boundary condition needs to be defined since Green's function satisfies the boundary condition intrinsically and accurately. The IE method mainly has two types, the surface IE (SIE) method, and the volume IE (VIE) method. The SIE method is efficient for piecewise homogeneous scatterers whereas the VIE method provides the most accurate calculations for general inhomogeneous scatterers [2] . The reason for the high accuracy using the VIE is that it takes the interactions of different parts of the scatterer into consideration. However, its calculation speed is compromised, which is well known. In this study, the accelerated weak-form VIE is proposed with calculation accuracy for an MRI system.
For the VIE, the simplest method of solution is the method of moment (MoM). However, it is limited to small problems. Since the 1980s, the fast Fourier transform (FFT) has been used to accelerate the matrix-vector multiplication to solve the VIE, which enables us to solve large-scaled problems using the VIE. The proposed methods include the k-space method [3] , the conjugategradient (FFT) method [4] and its variants [5, 6] . There are two categories of discretisation for the VIE. One is called the strongform method. It discretises the VIE formulation directly. It normally leads to hyper-singularity. The other one is the weak-form method where both the unknown electric field (E-field) and the vector potential are expanded by basis functions. Since the weakform method was proposed, it has been implemented and incorporated into different iterative methods for solving far-field problems (e.g. radar cross-section problems). The examples of the iterative methods are the biconjugate-gradient method [7, 8] , the generalised minimal residual (GMRES) method, the loose GMRES method [9] , and the implicit GMRES method [10] . For far-field problems, the weak-form method shows the simplicity in terms of implementations.
The EM calculations of an MRI system are a near-field problem when the scatterer is highly inhomogeneous. In [11] , the strongform VIE method was applied. Due to the complexity of the method, the calculation takes a considerable amount of time. In this study, in order to meet the requirement on the calculation speed of an MRI prescan for MRI safety, we propose to apply the weakform VIE for the EM calculation. The matrix equation is accelerated by FFT algorithms. The proposed method provides a fast and accurate EM analysis that may enable a prescan safety assessment for an MRI scan at high field. The rest of paper is organised as follows. Section 2 presents the VIE formulation for inhomogeneous objects. In the same section, the discretisation scheme by the weak-form method and the acceleration by using the FFT method are detailed. In Section 3, the performances of the proposed method are shown in terms of accuracy, calculation speed, and convergence rate. A conclusion is presented in Section 4.
Full-wave IE method

Volume IE
Without loss of generality, we consider an object with an arbitrary shape and a support domain Ω d that is embedded in a homogeneous background, as illustrated in Fig. 1 . In most MRI applications, it is reasonable to assume the object under scan to be inhomogeneous, isotropic dielectric with relative complex permittivity ε r (r) and relative permeability μ r (r) = 1. The scatterer is illuminated by an impressed electric field E inc . The rectangular computation domain is Ω. It encloses the domain of interest, Ω d . A time dependence, e jωt , is assumed and suppressed throughout this paper. By invoking the volumetric equivalence principle [12] , the dielectric domain Ω d is replaced by an equivalent volumetric polarising electric current density
(
It radiates in the homogeneous background with permittivity ε 0 and permeability μ 0 . The total time-harmonic electric field in the presence of the scatterer can be obtained by the superposition of the impressed primary field E inc (r) and the scattered secondary field, which can be expressed as
where ω is the angular frequency and Ḡ is the dyadic Green's function with the form
where I¯ denotes the identity operator, k 0 = ω μ 0 ε 0 is the wave number and g(r, r′) = e − jk 0 | r − r′| ∖4π | r − r′| is the scalar Green's function in free space.
The IE in (2) is well known as the E-field VIE, in which once the unknown equivalent electric current density J v (r) is solved, the EM field distribution in the domain of interest Ω d can then be obtained.
Discretisation
To solve the VIE by using MoM Ω d is usually partitioned into small units, each of which has constant permittivity. In this study, the computation domain Ω in Fig. 1 is discretised uniformly with grid widths of Δx, Δy, Δz in the x-, y-, and z-direction, respectively. As a result, the scatterer domain Ω d is totally embedded in a rectangular block with a dimension of MΔx × NΔy × PΔz, where M, N, P are the number of the cuboid voxels in the x-, y-, and z-direction, respectively. In the voxel, a three-dimensional roof-top basis function, f (ζ) (r) = ζ^f (ζ) (r), (ζ = x, y, z), can be set up to expand vector quantities in the computation domain Ω. The basis functions in different directions are defined in a similar way. Take f x (r) as an example, it is based on two adjacent voxels that have a common face in the x-direction and can be expressed as
The geometry of f x (r) is shown in Fig. 2 . There are other options for basis functions, such as Schauert-Wilton-Glisson basis function [13] supported by two adjacent tetrahedrons. The roof-top basis function is adopted here to simplify the discussion and implementation. There are two methods for discretising the VIE, strong-form VIE, and weak-form VIE. The application of the weak-form VIE is proposed in this study for fast calculations of fields for a highly inhomogeneous object, e.g. a human head for the applications for the MRI. The detailed analyses are given as follows.
The strong-form VIE discretises the VIE formulation directly. The vector, the electric flux density D(r), which is proportional to the electric field intensity, E(r), is chosen as an unknown distribution function for the discretisation
The equivalent electric current density can then be expressed as
where χ(r) = 1 − 1/ε − r (r) is the normalised contrast function. Substituting (5) and (6) into (2) and employing Galerkin's testing method results in a MoM matrix system
where the elements of the excitation vector [b i ] and those of the impedance/interaction matrix Z are given, respectively, by
and 
The VIE formulation in (2) can also be discretised by the weakform method [4] . By introducing the magnetic vector potential A, (2) can be transformed into
where the potential A is defined as
It is a custom to express vector quantities with three different directions: By testing (10) by the roof-top basis functions, one can obtain the matrix equation as follows:
where e } is the excitation vector, which is defined as
} are the coefficient vectors of the ζ-components of the electric flux density D and the vector potential A, respectively, N is the total number of roof-top basis functions and ζ^ is the unit vector for the x-, y-and zdirections.
Moreover, T (ζζ) and W (ζ 1 ζ 2 ) are the sparse matrices, whose element can be expressed by the following equations:
Without involving singularities, the matrix entries expressed above are easy to calculate. Singularity only exists in (11) which defines the relationship between A and D. In the current implementation, this singularity is removed by taking the following two approaches, one is taking the spherically averaged value of A and the other is weakening the scalar Green function. For the spherically averaged value of A, it is obtained in (18) that follows:
where Δr = min (Δx, Δy, Δz 
where p = k 0 Δr and Δr = r − r′ . In the following, the quantities a i 
The coefficients d (ζ) and a (ζ) are related by (11) . Substituting (12) into (11) and using the weak form manner [4] , one can obtain a (m, n, p)
where ΔV = ΔxΔyΔz is the volume of cubes and χ m, n, p
χ m, n, p
Furthermore, one can apply the convolution theorem to re-express (22) as
where ℱ and ℱ −1 are the forward and inverse Fourier transform.
Discussions on calculation acceleration by FFT
The FFT method is one of the most powerful algorithms for calculation acceleration and has been widely used in many fields. For the full wave VIE methods, both the strong-form VIE and the weak-form VIE can be accelerated by the FFT methods. The weakform method can be more efficiently accelerated compared with the strong-form method yet maintaining the calculation accuracy. Following are the analyses. For the strong form VIE, D or J v is descretised as shown in (5) and (6), respectively. When the Galerkin method is applied and the matrix equation is formed as shown in (7), there is a ∇∇ operator for calculating each element of the matrix as shown in (9) leads to a hyper-singularity. Therefore, the interactions are categorised into near and far interaction groups as shown below based on the distance
For the near interaction, Z Near is calculated by appropriate singularity treatment techniques [14] [15] [16] [17] , which considerably sacrifices the calculation efficiency.
For the weak-form method, there is no need to separate the interactions into near and far groups. Without additional projection or interpolation treatment, the 3D-FFT method can be easily and directly applied to accelerate the convolution based on (11) or its numerical matrix form is shown in (26). This greatly reduced the complexity of implementation and computation compared with the strong-form method. However, it may introduce projection error when the vector potential A is expanded by basis functions as shown in (13) . Furthermore, the weak-form actually employs the point matching method in view of the MoMs, which may reduce the accuracy. Moreover, it results in a smaller number of unknowns compared with other discretisation. It should be noted that Green's function is weakened as shown in (19) , which may lower the calculation accuracy. However, when Δr → 0, g(r, r′) in (19) approximates the exact value of g(r, r′) and the accuracy is significantly increased.
Numerical results
Both the weak-form method and strong-form method were implemented. In this section, numerical results are presented to validate the numerical implementation and to demonstrate the efficiency of the weak-form method, especially for the applications for MRI. For comparison on calculation speed, the strong-form method accelerated by IE-FFT technique [18] was also implemented. All results are obtained on a workstation with 3.4 GHz GPU and 64 GB memory.
Examination on accuracy
To examine the accuracy of the weak-form code, the inner electric fields of a dielectric sphere impinged by a plane wave was calculated using both the weak-form code and Mie series and the results are compared. The sphere has a radius of 84 mm, a relative permittivity of 49 and a conductivity of 0.6 S/m. The mesh cell size is 2 mm. The plane wave propagates in the −z-direction at 450 MHz. Figs. 3a and b show the calculated e-field using Mie series and the weak-form method, respectively. As shown in the figure, the results agree with each other. The comparison shows the accuracy of the weak-form code.
Moreover, the scattering of a dielectric lossy sphere was calculated by this method. In this case, the radius of the sphere is 0.25 m and the relative permittivity and conductivity are ε r = 7.5 and σ = 0.05 S/m, respectively. The sphere is illuminated by a plane wave of 300 MHz with an x polarisation, travelling in the +z-direction. The solution domain is discretised by 100 cells in the x-, y-and z-direction, respectively. Therefore, this simulation has three million unknowns. Fig. 4a shows the total field inside the lossy dielectric sphere along the x-axis by using both the weak form VIE code and the exact Mie series. Fig. 4b shows the relative error of the results of the weak form code with respect to that of the Mie series in percentage. As shown in Fig. 4b , the error does not exceed 2% within the calculation domain. Based on the comparison, the weak form code is well validated.
Test on the convergence of the weak-form code
The convergence of the weak-form code was tested using the same sphere with different electrical properties. Fig. 5a shows the convergence of lossless dielectric spheres with different relative permittivities. As shown, the relative permittivity plays a role in the convergence rate. A sphere with a high-dielectric constant converges slower than the one with a low dielectric constant. High contrast between the sphere and the background material slows the convergence. Furthermore, the lossy cases were tested. Fig. 5b shows the testing results. As can be seen, the convergence rate is low for the case when the conductivity is high (lossier). This implies that the effect of the contrast between the sphere and the background on the convergence rate overshadows the acceleration of convergence caused by an increase in conductivity.
Comparison of calculation speed
The fields inside a human head model (Duke from the virtual population, ITIS foundation [19] ) were calculated when it was impinged by a plane wave (k^= − z^, 298.2 MHz corresponding to a 7 T MRI system). The calculation domain is 252 × 288 × 294 mm and the number of discretisation is 126×144×147 voxels in the x-, y-, and z-directions, respectively. The total number of degree of freedom is 8,059,338. Fig. 6 shows the electrical properties of the head model. It is simulated using FDTD-based commercial software, SEMCAD [20] . Fig. 7 shows the calculated e-fields using the weak-form method and SEMCAD. In Fig. 7 , the scales are set to be the same for the same view to ease a comparison. Comparing the plots in the same row in Fig. 7 , the calculated results using the weak-form method agree well with the results using SEMCAD. Fig. 8 shows the convergence history for the head simulation using the weak-form code. In terms of calculation speed for calculating the human head model, the weak-form code takes 7.1 min and memory of 7.15 GB. However, it takes 6 h and memory of 56.7 GB for the strong-form code, and 5.5 h for SEMCAD. Based on the test, for solving the same problem (with the same number of unknowns), the weak-form method is much faster than the other two under comparison.
Conclusion
A fast full wave EM solver for highly inhomogeneous dielectric objects has been developed by applying the weak-form VIE method with FFT acceleration for the application for MRI safety prescans. It is implemented and both the accuracy and the convergence rate are tested using numerical examples. The calculation speed of the proposed approach when calculating a human head phantom with more than eight millions of unknowns is around 7 min using a standard laptop, which is much faster than the strong-form VIE method or FDTD-based commercial software. For a practical MRI safety prescan, a whole body calculation is needed because a whole body transmit coil is normally used that imparts energy to the body and blood perfusate circulates heat through the whole body. The current work is one step further towards a practical MRI safety prescan. Further accelerations of the solver are needed for the targeted application. 
